Abstract. We consider the so-called ♮-model. this model is expressed by a stochastic differential equation called ♮-equation, introduced in the article "Random times with given survival probability and their F-martingale decomposition formula" published in Stochastic Processes And their Applications. This equation plays an essential role in this article, but its application has been submitted to a hypothesis of continuity. Then it is important to know under what conditions the hypothesis of continuity is satisfied. This is the main motivation of our research, but the proof given in the present paper is different from Song's (which study a more general case).
Introduction
Firstly, we will give a description of the natural model called the one-default model determined in [5] . For this, we define a filtered probability space (Ω, F = (F t ) t≥0 , P), an F-adapted continuous increasing process Λ null at the origin, and a positive (P, F) local martingale N such that 0 < Z t = N t e −Λt satisfies Z t ≤ 1, t ≥ 0. Precisely, it is proved in [5] that, for any continuous local martingale Y , for any Lipschitz function f on R null at the origin, there exist a probability measure Q and a random time τ > 0 on an extension of (Ω, F, P), such that the survival probability of τ , i.e., Q[τ > t|F t ] is equal to Z t for t ≥ 0. In the same last reference, it is also shown that there exist several solutions and that an increasing family of martingales, combined with a stochastic differential equation, constitutes a natural way to construct these solutions, which means that X u t = Q[τ ≤ |F t ], 0 < u, t < ∞, satisfy the following stochastic differential equation:
where the initial condition x can be any F u -measurable random variable. In actuality, this model played an important role in finance mostly in the credit risk modeling. The remarkable property about the ♮-model is its rich system of parameters Z, Y, f . The parameter Z determines the default intensity. The parameters Y and f describe the evolution of the market after the default time τ . Such a system of parameters sets up a propitious framework for inferring the market behavior and for calibrating the financial data. We believe that the ♮-model can be a useful instrument to modeling financial market. In this paper, we want to show the continuity of the process X u t (x) such as:
is the solution of the (♮ u )-equation. Our aim is to look at the regularity of the process (u, t, x) −→ X u t (x) with respect to all the variables u, t, x. Our fundamental tools are the theorem of Kolmogorov and the lemma of Gronwall. We should mention that, this main result given in this present paper is less general and different from Song's one [8] , which study a more general case where there are jumps and where the coefficients are Markovian. The paper is organized as follows: in the next section, we prove the found results on the continuity of the stochastic flows, i.e. the continuity of the solution of a stochastic differential equation with respect to a parameter (which can be taken to be, of course, the initial condition). Section 3 presents the main result of this paper.
The Found Results on the Continuity of the Solutions of SDE
2.1. The case studied by Philipe E. Protter. This subsection is borrowed from ( [6] , chapter 5). We consider a general system of equations of the form
where ζ 
where 
(1) for each x the process ζ Proof. We recall the method of proof used to show the existence and uniqueness of a solution (see [6] , chapter 5, Theorem 7). By stopping at a fixed time t 0 , we can assume the Lipschitz process is just a random variable µ which is finite a.s. Then by conditioning (see [6] , chapter 5, the proofs of Theorems 7, 8, or 15 for this argument) we can assume without loss of generality that this Lipschitz constant is non-random, and we call it θ < ∞ By replacing H x t with ζ
and then by replacing F with Q given by Q(ζ) t = F (ζ) t − F (0) t , we can further assume without loss of generality that F (0) = 0. Then for ν = λ p (θ), by (see [6] , chapter 5, Theorem 5) we can find an arbitrarily large stopping time T such that S T − ∈ S(ν) i.e. ν-sliceable, and H x is Lipschitz continuous on [0, T ) Then by Lemma 2 (see [6] , chapter 5, preceding Theorem 7) we have that for the solution ζ of 2.2.
3) for any p ≥ 2 and some (finite) constant λ p (θ, M ). Choose p > n, and we have
due to the Lipschitz hypothesis on x −→ H x . By Kolmogorov's theorem (theorem 3.1 in this article) we have the result on R n ×[0, T ). However since T was arbitrarily large, the result holds as well on R n × Ω × R + . □ 2.2. The case studied by H. Kunita. This subsection is borrowed from [4] .
where B k is a family of standard Brownian motions. Here we are interested in the regularity of the process (s, t, x) −→ ξ st (x) with respect to the parameters s, t, x. We have the The following theorem. Proof. The proof is a direct consequence of the Kolmogorov's theorem and the following estimation demonstrated in theorem 2.6:
Given a compact χ ⊆ R d and T > 0, the estimation 2.6 is enough to apply the Kolmogorov's theorem, which provides that there is a continuous Version in
uniformly in s, t, x for any γ < 
Proof. We put g(x) = (ε + |x| 2 ) and
p . An easy calculation gives
and if we denote L t = ξ st (x) then, by Itô's formula applied to the semi-martingale
.., m and it is zero otherwise (particularly if
Now take the expectation of this last quantity, the stochastic integral gives zero and
To estimate the quantity inside the integral, we note that by hypothesis
where the constant ϑ ε depends on ε, then
So we can conclude by Gronwall's lemma (lemma 3.3 in this article) and get the first two inequalities. For the second inequality we proceed in the same way but this time we put L t = ξ st (x) − ξ st (y). The process L t is again a semi-martingale and
This time, it was that
independently from ε. Therefore with the same method as before and can be applied Gronwall wrap up. □ Lemma 2.5.
Proof. The previous lemma and Kolmogorov's theorem imply that for all fixed s, t, the application x −→ ξ st (x) is almost surely continuous. Moreover, it is easy to see that we can choose the family of random variables
and therefore can still be used again Kolmogorov to obtain a continuous version in x of the stochastic integral and show that for a fixed s ≤ ς ≤ t, the integral equation
is true for all x ∈ R d almost surely. So if in this equation replacing x by the random function ξ sς (x) we get
for any t ≥ s and any x ∈ R d and therefore the uniqueness of the solution, we must have that ξ sr =ξ st (x) a.s. and hence the thesis. □
Proof. For brevity we consider only the case 0 ≤ s ≤ś ≤ t ≤t ≤ T , using the previous lemma, we have:
We used the inequality (often very useful):
which follows from Jensen's inequality. We will estimate the expectation of the three terms A, B, C one by one. We start with a small additional result:
With this estimate we have easily that
By similar calculations we can also infer that
All these estimates allow us to conclude the proof. □ 2.3. The case studied by G. Barles. This subsection is borrowed from [1] . We consider a general system of equations of the form
Proof. We demonstrated in the case n = d = 1. We start with the case p ≥ 2. We fix s and x, we note J t in place of J s,x t for ease of writing. In the following R is a constant depending on p and T whose value may change from one line to another but which does not depend on (s, x). We have firstly, 
The inequality BDG leads to:
using the Hölder inequality ( p 2 ≥ 1), noting p * the conjugate of p and q that of
Furthermore, as θ and σ are linear increase, we have:
and therefore
and the same inequality is valid for the term σ. As a result, we obtain:
where R does not depend on n. Gronwall's lemma then gives for all n,
We fact tender n to infinity and apply Fatou's lemma to get:
which completed the proof in the case p ≥ 2. If now 1 ≤ p ≤ 2 then 2p ≥ 2 and Hölder inequality given
this leads to,
This last inequality completes the proof of this proposition. □ Now, we know that the solution of a stochastic differential equation has moments of any order, we show a similar estimate for the moments of the increments of J.
Proposition 2.8. Let 2 ≤ p < ∞. There exists a constant R such that, for any (s, x),(ś,x) belonging to
Proof. We fix (s, x) and (ś,x). Trivially,
so that we show the inequality to each of the previous two terms. Start 
Using again the Hölder inequality, we obtain, noting q the conjugate of
θ and σ are Lipschitz, the previous inequality gives 
The Hölder inequality and the mark 2.12 give, using the linear increase of θ,
On the other hand, inequality BDG gives
and because of the increase of σ and the estimate (1), we obtain 
Using inequalities hölder and BDG, and the bound (3),and the fact that θ and σ are Lipschitz,
Gronwall's lemma applied to r −→ sup
which completed the proof. □ Remark 2.9. A direct application of the previous estimate and kolmogorov's theorem, shows that there is a modification of process J such that the application (s, x, t) −→ J s,x t is continuous.
The Continuity of the Solution of the ♮-equation
This section contains two Subsections. In the first, we present the theorem of Kolmogorov and its demonstration. In the second, we present our main result.
Kolmogorov's theorem and its demonstration.
This subsection is borrowed from [6] . There are several versions of Kolmogorov's theorem, we give here a quite general one. 
Then for almost all ω the function x −→ U x can be extended uniquely to a continuous function from R n to E.
Proof. We prove the theorem for the unit cube [0, 1] n . Before the statement of the theorem we establish some notations. Let ∆ denote the dyadic rational points of the unit cube [0, 1] n in R n , and let ∆ m denote all x ∈ ∆ whose coordinates are of the form k2
Two points x and y in ∆ m are neighbors if sup
We use Chebyshev's inequality on the inequality hypothesized to get
Since each x ∈ ∆ m has at most 3 n neighbors, and the cardinality of ∆ m is 2 mn , we have
Where the the constant c = 3 n C .Take α a sufficiently small so that αε < β. Then 
We now use the preceding to show that x −→ U x is uniformly continuous on ∆ and hence extendable uniquely to a continuous function on [0, 1] n . To this end, let x, y ∈ ∆ be such that ∥x − y∥ ≤ 2 −k−1 . We will show that d(U x , U y ) ≤ c2 −αk for a constant c, and this will complete the proof. Without loss of generality assume k ≥ m 0 . Then x = (x 1 , ..., x n ) and y = (y 1 , ..., y n ) in ∆ with ∥x − y∥ ≤ 2
have dyadic expansions of the form
where a 
and moreover
The result now follows by the triangle inequality. □
The following subsection is the heart of our article. To show our main result, we need the following lemmas: Lemma 3.2. [7] . Let a(t) be a non-negative right-continuous increasing (extended real-valued 
) is a non-negative right-continuous increasing function on R + , and is called the right-inverse function of a(t). For t ∈ R + ,C(t) < +∞ if and only if t < a(∞) = lim t−→∞ a(t). Set
a − (t) = a(t−) = lim s↑↑t a(s), t > 0 (such that s ↑↑ t means s −→ t, s < t), C − (t) = C(t−) = lim s↑↑t C(s) = inf{s : a(s) ≥ t} = sup{s : a(s) < t}, t > 0 a(0−) = a(0), C(0−) = C(0). Then we have a − (C − (t)) ≤ a − (C(t)) ≤ t , t ∈ R + and a(C(t)) ≥ a(C − (t)) ≥ t ,t < a(∞) Lemma 3.3. [2]. Let (a, b) ∈ R 2 with a < b, φ and ψ : [a, b] −→ R non-negative continuous functions, such that ∃ρ ∈ R + , ∀t ∈ [a, b], φ(t) ≤ ρ + ∫ t a φ(s)ψ(s)ds. Then ∀t ∈ [a, b], φ(t) ≤ ρ exp (∫ t a ψ(s)ds )
The main result.
This subsection is the heart of our article. In our model, we show the continuity of the solution of the ♮-equation by applying the theorem of Kolmogorov presented in the previous subsection and lemma of Gronwall such that we take ε = p and β = p − n with p > 0. We have for u ≤ s ≤ t:
We know that the quantity f (X s − (1 − Z s )) is bounded because f is a Lipschitz function, but as we do not know a priori if the quantity
is finite or not, we introduce the stopping time τ n = inf{t, 1 − Z t < 1 n }. Therefore, we assume the processX instead of X:
We denote A t =X u t (x)−X u t (y) and we apply Itô's formula to the process |A t | p , we find:
By lemma of Jacod (see [3] , page 128,129), there always exists a process G, such that: being a symmetric nonnegative matrix, and the choice of the latter is arbitrary, then 
Conclusion
This document contains a new and original methodological approach to the subject in question and could therefore be a good contribution to the theory of stochastic processes, based on a very interesting lemma of Kolomogorov. Some difficulties have been encountered because the subject deals with a difficult area "the stochastic differential equations". As prospects, we try to prove the same result of the paper, but in a vectorial case; moreover, we also think of demonstrating that the stochastic flow associated with our model will be a diffeomorphism with multidimensional parameters on the same space, and we will investigate whether it is possible to have the same work on manifolds.
